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INTRODUCTION 


Finite  element  methods  are  used  extensively  for  structural  analysis  of  the 
basic  components  of  armament,  cannon  tubes,  and  projectiles.  When  the  loading 
or  geometry  of  the  component  is  so  complex  that  available  solutions  do  not 
directly  apply,  finite  element  analysis  is  an  obvious  choice.  The  primary 
objective  here  is  to  describe  three  recent  applications  of  finite  elements  to 
armament,  with  emphasis  on  both  the  finite  element  methods  and  the  engineering 
application.  A  secondary  objective  is  to  discuss  some  special  requirements  and 
limitations  associated  with  the  use  of  finite  elements  for  structural  analysis 
of  weapon  components. 

The  first  of  the  three  applications,  a  notched  component  (ref  1),  is  a  com¬ 
mon  application  of  finite  elements.  The  fundamental  geometry  considered,  a 
pressurized  cylinder,  is  often  the  subject  of  pressure  vessel  and  piping 
investigations.  The  main  point  of  this  first  example  is  the  relationship  of  the 
stress  analyses  results  to  those  from  fracture  mechanics  testing  and  analyses 
which  address  the  cylinder's  fatigue  life.  The  second  application,  a  two-body 
component  subjected  to  inertial  loading  (ref  2),  is  a  complex  structural  problem 
with  little  similar  prior  work  for  guidance.  A  long  rod  projectile  was  analyzed 
using  certain  assumptions  to  describe  the  interconnection  between  the  two  basic 
parts  of  the  projectile.  Again,  the  results  were  related  to  the  mechanical  and 
fracture  test  results  from  the  actual  component.  The  third  topic  has  a  more 


Ij.  A.  Kapp  and  J.  H.  Underwood,  "Service  Simulation  Tests  to  Determine  the 
Fatigue  Life  of  00  Notched  Thick-Wall  Cylinders,"  Experimental  Mechanics, 

Vol.  22,  No.  3,  March  1982,  pp.  96-100  (also  ARLCB-TR-82008,  U.S.  Army 
ARRADCOM,  Benet  Weapons  Laboratory,  Watervliet,  NY,  April  1982). 

2j.  H.  Ur.derwood  and  M.  A.  Scavullo,  "Fracture  Behavior  of  a  Uranium  and  a 
Tungsten  Alloy  in  a  Notched  Component  With  Inertia  Loading,"  Fracture 
Mechanics:  Sixteenth  Symposium,  ASTM  STP  868,  American  Society  for  Testing  and 
Materials,  Philadelphia,  PA,  1985,  pp.  554-568  (also  ARLCB-TR-83043 ,  U.S.  Army 
ARDC,  Benet  Weapons  Laboratory,  Watervliet,  NY,  December  1983). 
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general  application.  Finite  element  methods  were  used  to  obtain  the  stress 
intensity  factor  and  two  types  of  displacement  results  for  a  variety  of  fracture 
mechanics  test  geometries  (ref  3).  The  results  were  compared  with  prior  data, 
primarily  boundary  value  collocation  results,  in  order  to  verify  and  recommend 
some  standardized  test  procedures. 


CANNON  TUBE  EXAMPLE 
Analysis  and  Test  Conditions 

Notches  are  sometimes  cut  into  the  outside  diameter  (OD)  surface  of  a  can¬ 
non  tube.  Since  the  circumferential  stress  on  the  OD  surface  due  to  firing  and 
overstrain  (ref  1)  are  both  tensile,  an  OD  notch  is  often  the  initiation  point 
of  cracking.  Fatigue  cracks  initiate  at  the  notch  root  and,  if  ignored,  can 
lead  to  a  final,  fast  growth  of  the  crack  through  the  tube  wall.  To  help 
describe  and  predict  the  fatigue  crack  initiation,  finite  element  analysis  was 
performed  on  the  notched  tube  geometry,  as  shown  in  Figure  1.  Quadrilateral 
two-dimensional  plate  and  constant  strain  triangle  elements  were  used.  The 
analysis  was  conducted  using  the  NASTRAN  program  on  an  IBM  360/44  machine.  To 
accurately  determine  the  stresses  at  the  root  of  the  notch,  it  was  necessary  to 
refine  the  grid  (Figure  2).  The  overall  geometry  modeled  was  a  test  specimen 
which  simulated  the  key  features  of  a  pressurized  cylinder  and  was  more  easily 
tested  than  a  full-size  pressurized  cylinder.  Several  simulation  specimens  of 
this  type  were  made  and  tested  from  one  cylinder  to  determine  fatigue  lives 


^J.  A.  Kapp  and  J.  H.  Underwood,  "Service  Simulation  Tests  to  Determine  the 
Fatigue  Life  of  00  Notched  Thick-Wall  Cylinders,"  Experimental  Mechanics, 

Vol.  22,  No.  3,  March  1982,  pp.  96-100  (also  ARLCB-TR-82008,  U.S.  Army 
ARRAOCOM,  Benet  Weapons  Laboratory,  Watervliet,  NY,  April  1982). 

^J.  H.  Underwood,  J.  A.  Kapp,  and  M.  D.  Witherell,  "Fracture  Testing  With  Arc 
Bend  Specimens,"  Fracture  Mechanics;  Seventeenth  Volume,  ASTM  STP  905,  American 
Society  for  Testing  and  Materials,  Philadelphia,  PA,  1986,  pp.  279-296  (also 
ARLCB-TR-85014,  U.S.  Army  AROC,  Benet  Weapons  Laboratory,  Watervliet,  NY,  May 
1985) . 
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under  various  conditions.  The  fatigue  load,  P,  was  chosen  to  produce  the  same 
approximate  value  of  the  notch  root  stress  in  the  simulation  specimen  as  that 
caused  by  the  firing  and  overstrain  loading  of  the  tube. 


Figure 


1.  Finite  element  grid  of  test  specimen  for  simulation 
of  notched  cylinder. 


Figure  2.  Refined  grid  around  the  notch  root. 
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Finite  Elewent  Resul 


Figure  3  summarizes  the  test  specimen  geometry  and  a  representative  set  of 
finite  element  results  for  a  notch  depth,  c  =  10  mm.  The  radial  distribution  of 
the  circumferential  direction  stress,  <r,  in  a  nondimensional  form  along  the  line 
C-C  is  plotted  from  a  point  near  the  inner  diameter  (ID)  surface  to  just  below 
the  notch  root  surface.  Since  the  notch  depth  for  these  results  was  10  mm,  the 
notch  root  is  at  the  position  r  =  125  mm.  The  significant  concentration  of 
stress  at  the  notch  location  can  be  seen  as  r  approaches  125  mm. 


Figure  3.  Summary  of  test  specimen  geometry  and  radial  distribution 
of  circumferential  direction  stress  from  finite  element 
and  linear  bending  analyses. 

It  is  interesting  to  compare  the  finite  element  results,  including  the 
substantial  effects  of  the  notch,  to  a  linear  bending  analysis  of  the  specimen 
which  assumes  that  no  notch  is  present 
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In  the  linear  bending  analysis  described  by  Eq.  (1),  anQ,„  is  the  circumferential 
stress  and  X  is  the  moment  arm  between  the  load  line  and  mid-wall  thickness 
position  at  the  notch  location.  The  other  parameters  define  the  specimen 
geometry  with  values:  a  =  77.5  mm,  B  =  50  mm,  W  =  57.5  mm,  X  =  196  mm.  The 
comparison  of  the  linear  bending  results  with  finite  elements  results  in  Figure 
3  shows  relatively  small  differences  away  from  the  notch  and  larger  differences 
due  to  stress  concentration  near  the  notch. 

Relation  to  Fatigue  Life 

Fatigue  life  tests  were  performed  using  a  specimen  as  shown  in  Figure  3 
with  notch  depths  of  10  and  5  mm,  a  constant  notch  width  of  25.4  mm,  and  a  root 

radius,  R,  of  1.5  mm.  Fatigue  life  here  was  the  total  number  of  cycles  to 

initiate  and  grow  the  crack  to  complete  failure.  The  results  in  Table  I  show 
more  than  a  threefold  increase  in  fatigue  life  corresponding  to  a  halving  of  the 
notch  depth.  Since  the  maximum  stress  at  the  notch  root  is  a  controlling  factor 
for  fatigue  crack  initiation,  finite  element  calculation  of  the  notch  root 
stress  should  help  in  describing  fatigue  behavior.  Calculations  for  two  notch 
depths  are  shown  in  Table  I.  Also  shown  is  a  fracture  mechanics  calculation  of 

notch  root  stress  using  the  method  of  Rolfe  and  Barsom  (ref  4).  They  used  the 

following  approximation  for  notch  root  stress: 

a  =  2K/(JTR)’i  (2) 

where  K  is  the  stress  intensity  factor.  Combining  Eqs.  (1)  and  (2)  with  the 


^S.  T.  Rolfe  and  J.  H.  Barsom,  Fracture  and  Fatigue  Control  in  Structures, 
Prentice  Hall,  Englewood  Cliffs,  NJ,  1977. 
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well-known  expression  for  K  for  a  shallow  edge  crack  (ref  5)  of  depth  c, 

K  =  1.12 

gives  the  values  listed  in  Table  I.  Note  that  the  finite  element  results  are 
about  12  percent  below  the  K/R^  results.  This  may  be  due  to  the  fact  that  the 
finite  element  results  are  for  a  position  slightly  below  the  notch  root  surface. 


TABLE  I.  MEASURED  FATIGUE  LIFE  AND  CALCULATED  NOTCH-TIP 
STRESS  FOR  CYLINDER  SECTIONS 


Notch 

Fatique 

Life 

Maximum  Stress 

at  Notch 

Depth 

Two  Tests 

Mean 

Finite  Element 

K/R’i 

c 

N 

N 

Analysis 

Analysis 

mm 

Cycles 

Cycles 

oBW/P 

oBW/P 

10 

2,752  3,288 

3,020 

95 

107 

5 

9,280  11,224 

10,252 

66 

76 

A  useful  description  of  fatigue  life,  N,  can  often  be  obtained  from  (ref 

1) 

N  =  constant  (ff)"*  (3) 

Using  Eq.  (3)  and  the  <7  values  from  Table  I,  the  predicted  increases  in  fatigue 
life  due  to  halving  the  notch  depth  were  factors  of  2.98  and  2.79  for  the  finite 
element  and  K/R^  analyses,  respectively.  The  measured  increase  in  fatigue  life 
was  a  factor  of  3.39.  Based  on  thi*’-  relatively  good  agreement  between  predic¬ 
tion  and  measurement,  both  the  finite  element  and  K/R^  analyses  can  be  used  to 
describe  geometry  effects  on  the  fatigue  life  of  a  notched  cylinder. 


ij.  A.  Kapp  and  J.  H.  Underwood,  "Service  Simulation  Tests  to  Determine  the 
Fatigue  Life  of  OD  Notched  Thick-Wall  Cylinders,"  Experimental  Mechanics, 

Vol.  22,  No.  3,  March  1982,  pp.  96-100  (also  ARLCB-TR-82008,  U.S.  Army 
ARRADCOM,  Benet  Weapons  Laboratory,  Watervliet,  NY,  April  1982). 

®H.  Tada,  P.  C.  Paris,  and  G.  R.  Irwin,  The  Stress  Analysis  of  Cracks  Handbook, 
Del  Research  Corporation,  Hellertown,  PA,  1973. 
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PROJECTILE  EXAMPLE 


Finite  Elewent  Model  and  Results 

The  general  modeling  of  a  cannon  projectile  under  service  loading  con¬ 
ditions  can  only  be  conducted  adequately  by  using  a  two-dimensional  method  such 
as  finite  element  analysis.  The  combination  of  geometry  and  loading  is  nearly 
always  too  complex  for  anything  less.  The  projectile  example  described  here  is 
a  typical  long  rod  projectile  made  up  of  two  basic  components,  the 
cyl indrical ly-shaped  rod  and  the  segmented  sabot  which  interconnects  with  the 
rod.  The  cannon  firing  pressure  impinges  to  a  greater  extent  on  the  sabot  which 
transfers  the  resulting  force  to  the  rod.  The  purpose  of  the  stress  analysis 
was  to  calculate  the  acceleration  stresses  in  the  rod  to  understand  and  describe 
the  rod  failures  which  occasionally  occur.  Figure  4  shows  the  finite  element 


iCC‘3r/C/^  OF  / — LOCAT/O/^  OF 

Pi?OTOTfP£  FAILURES  '  S/RfULATlON  FAILURE 


Figure  4.  Finite  elt  .  grid  and  sketch  of  portions  of  a  long  rod 
penetrate,'  prn  i^'-^ti  le. 
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grid  used  and  some  additional  information  about  the  projectile,  its  operation, 
and  failure.  As  in  the  first  example,  both  constant  strain  triangular  and  high 
order  quadrilateral  elements  were  used.  The  specific  problem  modeled  was  the 
tensile  failure  of  a  prototype  uranium  alloy  rod  at  the  root  of  the  first  of 
several  lugs  and  grooves  which  transfer  the  forces  between  sabot  and  rod.  The 
forces  on  the  projectile  at  failure  in  this  case  were  primarily  due  to  accelera¬ 
tion.  However,  the  pressure- induced  loads  in  the  radial  direction  can  have  a 
significant  effect  on  the  force  transfer  between  the  sabot  and  the  rod.  Plastic 
deformation  and  shifting  of  the  regions  of  contact  can  occur,  requiring  assump¬ 
tions  about  the  amount  of  force  transfer  at  any  given  point. 

Figure  5  shows  the  axial  distribution  of  axial  direction  stress,  a^,  up  to 
the  point  of  first  contact  between  the  sabot  and  rod.  Up  to  this  point,  is 
little  affected  by  the  uncertainties  of  force  transfer.  The  finite 

element  model  near  the  surface  of  the  rod  is  compared  with  the  following  simple 
relation  from  mechanics: 

<^2  =  P  ♦  5- 

where  p  is  the  cannon  pressure,  w  is  the  weight  of  a  given  length  of  rod,  G  is  a 
relative  acceleration  made  dimensionless  when  normalized  by  the  gravitational 
acceleration,  and  A  is  the  area  of  the  rod.  The  plot  of  Eq.  (4)  shown  in  Figure 
5  corresponds  to  a  relative  acceleration  of  34,000,  not  untypical  of  cannon 
firing.  The  generally  higher  values  of  from  the  finite  element  model  are 
believed  to  arise  from  the  inclusion  of  the  weight  of  a  tail  fin  assembly  in 
that  model,  whereas  no  such  effect  is  included  in  Eq.  (4).  The  maximum  axial 
stress  from  the  finite  element  model  was  near  the  point  of  first  contact  with 
the  sabot  (the  first  lug),  which  was  also  the  location  of  the  failure.  This 
stress  was  used  to  calculate  the  stress  intensity  factor  and  to  determine  a 
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minimum  required  fracture  toughness  for  the  uranium  alloy.  The  measured  frac¬ 
ture  toughness  from  the  lot  of  rods  which  included  the  failure  was  18  MPa  m^. 
Following  the  incorporation  of  a  minimum  fracture  toughness  of  33  MPa  m^  as  a 
material  acceptance  requirement,  no  further  rod  failures  have  occurred. 


Figure  5.  Axial  distribution  of  axial  direction  stress  near  the  surface  of 
a  penetrator  subjected  to  launch  acceleration. 

Full-Scale  Component  Testing 

A  series  of  tests  and  analyses  was  conducted  with  full-scale  penetrator 
rods  to  complement  the  finite  element  analysis.  A  tensile  failure  test  of  a 
penetrator  rod  was  developed,  as  shown  in  Figure  6,  and  performed  on  both  ura¬ 
nium  and  tungsten  alloy  rods.  Plots  of  load  versus  deflection  were  recorded  up 
to  the  failure  point,  and  the  total  energy  required  to  fail  the  penetrator  was 
found  to  be  a  good  indicator  of  failure  during  cannon  firing.  For  example,  in 
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Figure  6.  Sketch  of  arrangement  for  full-scale  tensile  failure  tests 
of  a  penetrator. 

Figure  7  the  tungsten  penetrator  which  failed  at  410  KN,  with  a  total  area  under 
the  plot  of  less  than  300  Nm,  was  one  of  a  group  which  often  failed  during 
firing.  The  fracture  toughness  was  measured  from  two  groups  of  tungsten 
penetrators,  the  one  which  often  failed  during  firing  and  one  which  did  not 
fail.  The  results  in  Figure  8  show  a  high  positive  correlation  between  fracture 
toughness  and  failure  energy  of  the  full-scale  penetrator.  Table  II  summarizes 
this  data  along  with  other  results.  In  general,  the  tests  from  a  smooth  tensile 
bar  correlated  poorly  with  the  failure  energy  of  the  full-size  rod,  which  con¬ 
tained  the  notch- like  lugs  and  grooves.  Fracture  toughness  tests,  based  on  a 
notch  and  crack,  correlated  well. 
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Figure  7.  Load  versus  deflection  plots  of  tungsten  and  uranium 
penetrators  loaded  to  tensile  failure. 
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Figure  8.  Relation  between  tensile  failure  energy  of  tungsten 
penetrators  and  fracture  toughness  of  the  penetrator 
material . 

TABLE  II.  CORRELATION  COEFFICIENT,  P  FROH  n  REPEAT  TESTS:  CORRELATION  OF 
THREE  MECHANICAL  TESTS  WITH  THE  TENSILE  FAILURE  ENERGY  OF  FULL 
SIZE  TUNGSTEN  PENETRATOR  RODS 


Tensile 

Elongation 

Reduct ion- 
in-Area 

Fracture 

Toughness 

n 

r 

n 

r 

n 

r 

12 

>0.68 

12 

+0,77 

6 

+0.98 

It  is  interesting  to  note  the  general  agreement  between  the  stress  analysis 
approach,  that  is,  using  finite  elements  to  calculate  the  applied  stress  and  the 
stress  intensity  factor,  and  the  complementary  approach  of  full-scale  testing. 
Stress  analysis  was  used  to  set  a  minimum  fracture  toughness  which  has  success¬ 
fully  eliminated  launch  failures.  Full-scale  tests  which  simulate  launch 
loading  correlate  well  with  the  same  material  property  fracture  toughness.  This 
agreement  provides  strong  verification  that  finite  element  analysis  can  be  used 
to  directly  describe  ful 1 -component  behavior  of  complex  projectiles  subjected  to 
launch  acceleration.  The  agreement  also  shows  the  value  of  full-scale  testing 
to  help  answer  difficult  modeling  questions.  In  the  full-scale  tests,  the  load 
was  applied  to  the  penetrator  by  way  of  the  lugs,  and  thus  the  tests  modeled 
some  of  the  key  aspects  of  the  interconnection  between  the  sabot  and  the 
penetrator  rod. 


FRACTURE  MECHANICS  TEST  METHODS 

Specimen  Geometries  and  Finite  Element  Methods 

Sections  of  cylinders  are  convenient  fracture  test  specimens  for  armament 
components.  One  type  of  cylinder  section  extensively  used  has  been  standardized 
(ref  6).  It  is  the  arc  tension  specimen,  a  hollow  cylinder  section  with  a  notch 
from  the  ID  surface,  loaded  in  tension  by  way  of  added  holes.  The  topic  of  this 
third  example  of  finite  element  applications  is  the  development  of  three-point 
bend  specimens  from  sections  of  cylinders.  Some  recent  work  (ref  3)  used  finite 


H.  Underwood,  J.  A.  Kapp,  and  M.  D.  Witherell,  "Fracture  Testing  With  Arc 
Bend  Specimens,"  Fracture  Mechanics;  Seventeenth  Volume.  ASTM  STP  905, 

American  Society  for  Testing  and  Materials,  Philadelphia,  PA,  1986,  pp.  279-296 
(also  ARLCB-TR-05014,  U.S.  Army  ARDC,  Benet  Weapons  Laboratory,  Watervliet,  NY, 
May  1985). 

^"Standard  Test  Method  for  Plane-Strain  Fracture  Toughness  of  Metallic 
Materials,  ASTM  E-399,"  1986  Annual  Book  of  ASTM  Standards.  Vol.  03.01, 

American  Society  for  Testing  and  Materials,  Philadelphia,  PA,  1986,  pp.  522- 
557. 
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element  methods  to  obtain  stress  and  displacement  results  for  a  variety  of  pro¬ 
posed  bend  specimen  geometries. 

Figure  9  shows  the  two  types  of  specimen  geometries  which  were  considered, 
both  referred  to  as  arc  bend  specimens,  one  supported  on  the  ID  arc  surface  and 
the  other  supported  on  a  chordal  surface.  Accurate  calculations  of  the  stress 
intensity  factor,  K,  crack  mouth  opening  displacement,  v,  and  load-line  dis¬ 
placement,  6,  are  required  for  the  various  types  of  fracture  tests  which  can  be 
performed  with  a  given  specimen.  The  finite  element  grid  which  was  used  ini¬ 
tially  to  calculate  K,  shown  in  Figure  10,  is  made  up  of  11  high  order  quadri¬ 
lateral  elements  and  2  singular  elements  around  the  crack  tip.  It  was 
considered  necessary  to  add  more  elements,  for  a  total  of  29,  for  the  v  and  5 
calculations. 
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Figure  9.  Sketch  of  arc  bend-arc  support  and  arc  bend-chord  support 
specimens  for  fracture  testing. 
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Figure  10.  Finite  element  grid  used  for  stress  intensity  factor  and 
displacement  calculations  for  arc  bend-chord  support 
specimen. 

Limit  Solutions  for  Bend  Specimens 

It  is  often  a  significant  advantage  to  tailor  the  form  of  K,  v,  and  5 
results  from  a  cracked  specimen  to  the  set  of  limit  solutions  for  a  deep  crack 
in  a  semi-infinite  body.  Two  of  these  solutions  are  (ref  5) 


kbwVp  = 


EB6/P 


0.988(S/Wi* 

■Ti=a7w)*  " 


(6) 


^H.  Tada,  P.  C.  Paris,  and  G.  R.  irwin.  The  Stress  Analysis  of  Cracks  Handbook, 
Del  Research  Corporation,  Hellertown,  PA,  1973. 
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Equations  (5)  and  (6)  are  exact  only  for  deep  cracks,  that  is,  a/W  approaching 
unity.  However,  they  have  the  useful  property  of  a  nearly  constant  value  over  a 
wide  range  of  a/W,  particularly  in  the  range  0.5  to  1.0.  Note  that  the  parame¬ 
ters  Y  and  Yg  in  Figures  11  and  12  are  generally  close  to  the  constants  in  Eqs. 
(5)  and  (6).  This  is  because  for  0=0,  the  form  of  Y  and  Yg  was  based  on  these 
limit  solution  equations.  The  use  of  these  K  and  6  parameters  with  their  nearly 
constant  value  allows  simple  and  direct  comparisons  of  various  geometries,  and 
also  helps  in  obtaining  accurate  wide  range  expressions  for  K  and  6  results. 
Finite  Element  Results 

The  K  and  5  data  in  Figures  11  and  12  provide  several  direct  comparisons  of 
finite  element  results  with  collocation  results,  as  well  as  checks  of  both 
results  with  the  deep  crack  limit  solutions.  Note  the  change  in  notation  from 
that  used  earlier.  In  Figures  11  and  12,  the  inner  and  outer  radii  are  rj  and 
r2,  respectively. 

In  general,  all  comparisons  of  the  K  results  in  Figure  11  are  very  good. 

The  collocation  and  finite  element  data  of  Figures  11(a)  and  (b)  agree  within  2 
percent  and  all  the  data  converge  toward  the  exact  deep  crack  limit.  The  com¬ 
parisons  of  the  6  data  in  Figure  12  are  reasonable,  but  not  as  good  as  those  for 
the  K  data.  However,  more  variation  in  6  results  is  expected  because  the  total 
6  is  the  sum  of  several  components,  both  crack-related  and  whole  specimen- 
related,  whereas  K  is  strongly  controlled  by  the  presence  of  the  crack.  The 
comparison  of  the  finite  element  and  collocation  results  in  Figure  12(a)  reveals 
some  of  this  variation,  resulting  in  a  7  percent  difference  between  the  two 
results  for  a/W  =  0.7.  For  this  relatively  deep  crack,  the  convergence  of  the 
results  to  the  deep  crack  limit  is  a  particularly  useful  check,  because  the 
limit  solution  is  becoming  more  accurate  and  both  the  finite  element  and  collo¬ 
cation  results  are  becoming  less  accurate. 
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Figure  11.  Plots  of  a  stress  intensity  factor  parameter  from 
collocation  and  finite  element  analyses. 


Figure  12.  Plots  of  a  load-line  displacement  parameter  from 
collocation  and  finite  element  analyses. 
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CONCLUSIONS 


The  one  general  conclusion  that  can  be  reached  from  the  review  and  eval¬ 
uation  of  these  three  different  applications  is  that  checks  of  finite  element 
results  with  known  limit  solutions  continue  to  have  great  merit. 

For  the  notched  cylinder,  a  linear  bending  model  of  the  cylinder  wall  was  a 
useful  comparison  away  from  the  notch,  and  a  fracture  mechanics  approximation  of 
the  notch  root  stress  compared  favorably  with  the  finite  element  results. 

For  the  long  rod,  simple  mechanics  and  the  value  of  the  applied  accelera¬ 
tion  relative  to  gravity  gave  an  expression  which  agreed  well  with  a  complex 
finite  element  model. 

For  the  cylinder  section  bend  specimens,  the  detailed  comparison  of  a 
variety  of  K  and  6  results  would  not  have  been  possible  without  the  use  of  deep 
crack  limit  solutions. 
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